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Abstract 

This paper consists of two main results. In the first one we describe 
all Kahler immersions of a bounded symmetric domain into the infinite 
dimensional complex projective space in terms of the Wallach set of the 
domain. In the second one we exhibit an example of complete and non- 
homogeneous Kahler-Einstein metric with negative scalar curvature 
which admits a Kahler immersion into the infinite dimensional complex 
projective space. 
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1 Introduction and statement of the main results 

This paper deals with holomorphic and isometric (from now on Kahler) 
immersions of complete noncompact Kahler-Einstein manifolds into CP°°, 
the infinite dimensional complex projective space equipped with the Fubini- 
Study metric gps- Throughout this paper if a Kahler manifold (M, g) admits 
a Kahler immersion into CP°° then we will say either that (M, g) is a Kahler 
submanifold of CP°° or that g is projectively induced. The only known 
examples of projectively induced Kahler-Einstein metrics are the flat metric 
on the complex Euclidean space (see [1]) and the Bergman metric on a 
bounded homogeneous domains (see [8]). Hence, it is natural to ask if there 
exists a complete nonhomogeneous Kahler-Einstein submanifolds of CP°°. 
The following theorem, which is the first result of this paper, gives a positive 
answer to this question (see Section U] for the definition of Cartan-Hartogs 
domain) . 



Theorem 1. There exists a continuous family of homothetic, complete, 
nonhomogeneous and projectively induced Kdhler- Einstein metrics on each 
Cartan-Hartogs domain based on an irreducible bounded symmetric domain 
of rank r ^ 1. 

Our result should be compared with the compact case. First, it is an 
open problem to classify the compact Kahler-Einstein manifolds which ad- 
mit a Kahler immersion into a finite dimensional complex projective space. 
Actually, the only known examples of such manifolds are homogeneous and 
it is conjecturally true these are the only ones (see e.g. [3], [5], [10] and [TT]). 
Moreover, a family as in the previous theorem cannot exist in the compact 
case. Indeed if eg are homothetic Kahler metrics on a compact complex man- 
ifold M such that (M, eg) , c > 1 admits a Kahler immersion into the finite 
dimensional complex projective space then, by simple topological reasons, c 
is forced to be a positive integer. 

The proof of Theorem [T] is based on recent results (see [13] and [H] ) 
about Einstein metrics on Cartan-Hartogs domains and on the following 
theorem which is the second result of this paper (see next section or [2] for 
the definition of the Wallach set of the domain O). 

Theorem 2. Let be an irreducible bounded symmetric domain endowed 
with its Bergman metric gs- Then (J7,cgB) admits a equivariant Kdhler 
immersion into CP°° if and only ifcj belongs to W{^})\{0}, where 7 denotes 
the genus of Q . 

The paper is organized as follows. In the next section we recall basic 
results on Calabi's diastasis function and Calabi's criterion for Kahler im- 
mersions into CP°°. In Section [3l after describing Calabi's diastasis function 
for the Bergman metric of a bounded symmetric domain, we prove Theorem 
[2j The last section is dedicated to the proof of Theorem [TJ 

The authors would like to thank Antonio J. Di Scala for his very useful 
comments and remarks. 

2 The diastasis function and Calabi's criterion 

In his seminal paper Calabi [3] (to whom we refer for details and further 
results) gives necessary and sufficient conditions for a n-dimensional Kahler 
manifold (M, g) to admit a Kahler immersion into a complex space form. 
The key tool is the introduction of a very particular Kahler potential T)p^ (z), 
that Calabi called diastasis. Recall that a Kahler potential is a smooth 
function $ defined in a neighbourhood of a point p such that uj = 
where ui is the Kahler form associated to g. In a complex coordinate system 
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(z) around p one has 
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A Kahler potential is not unique: it is defined up to an addition with the 
real part of a holomorphic function. If (M, g) admits a Kahler immersion 
into a complex space form then g is real analytic (see Theorem S] below). In 
this case by duplicating the variables z and z a potential ^ can be complex 
analytically continued to a function $ defined in a neighbourhood U of 
the diagonal containing {p,p) £ M x M (here M denotes the manifold 
conjugated to M). The diastasis function is the Kahler potential D^^ around 
p defined by 

(9) = Hq,q) + Hp,p) - ^ip,Q) - Hq,p)- 

Observe that Dp'^{q) is symmetric in p and q and Dp\p) = 0. The follow- 
ing theorem provides us with a very useful characterization of the diastasis 
function. 

Theorem 3 (characterization of the diastasis). Among all the Kahler po- 
tentials the diastasis is characterized by the fact that in every coordinate 
system (z) centered in p, the 00 x 00 matrix of coefficients (ajk) in its power 
expansion around the origin 

00 

Df(z,z-)= ^ a,,(^)-^(z)™^ (1) 
j,k=0 

satisfy ajo = aoj = for every nonnegative integer j . 

Here we are using the following convention: we arrange every n-tuple 
of nonnegative integers as the sequence mj = (mj^i, . . . ,mj^n) with non 
decreasing order, that is mo = (0, ... ,0) and if \mj\ = X]a=i "^j.cu l^^-jl ^ 
|mj+i| for all positive integer j. Further (z)™"^ denotes the monomial in n 
variables na=i -^a " ■ 

The importance of the diastasis function for our purposes is expressed 
by the following three theorems due to Calabi. Recall that the Fubini-Study 
metric gps on the infinite dimensional complex projective space CP°° is this 
metric whose Kahler form cops in homogeneous coordinates Zq, . . . Zj, . . . is 
given by ups = §5aiog(E~o l^jf )• Po = [1, 0, 0, . . . ] G C/q = {Zq / 0}, 
then in the affine coordinates Zj = the diastasis : Uq ^ U. around po 
is given by 

00 

D~(z) = log(l + j;|z,f). 
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Theorem 4 (hereditary property). Let f : (M, g) — t- CP°° be a Kdhler 
immersion such that f{p) = pQ. Then the metric g is real analytic and 
Df = o / : M \ f-\Ho) ^ R, where Hq = CP°° \ C/q. 

Theorem 5 (Calabi's rigidity). Let /i,/2 : {M,g) CP~ be two full 
Kdhler immersions. Then there exists a unitary transformation U of CP°° 
such that f2 = U o fi. 

Recall that a holomorphic map / : (M, g) — )• CP°° is said to be full if 
f{M) is not contained in any complex totally geodesic submanifold of CP°°. 

Theorem 6 (Calabi's criterion). A Kdhler manifold (M, g) admits a lo- 
cal full Kdhler immersion into CP°° if and only if the oo x oo matrix of 
coefficients {hjk) in the power expansion 

oo 

gD« (.,.-) - 1 = ^ hjk{zT'{zT\ (2) 

j,fc=0 

is positive semidefinite of infinite rank. Moreover, if the manifold M is 
assumed to be simply connected a local Kdhler immersion can be extended 
to a global one. 

3 The diastasis function of bounded symmetric 
domains and the proof of Theorem [2] 

In the following proposition we describe the diastasis of a bounded sym- 
metric domain and one of its important features which will be a key in- 
gredient for the proof of our results (see also [9j for the global aspects of 
the diastasis function for these domains). Recall that the Bergman met- 
ric gB is a Kahler metric on i7 whose associated Kahler form is given 
by uob = log K(2;, z), where K is the reproducing kernel for the Hilbert 
space of holomorphic L^-functions on VL, namely those / G Hol{Q,) such that 
\ f\'^d^{z) < oo, where dfi{z) is the standard Lebesgue measure on C". 

Proposition 7. Let be a bounded symmetric domain. Then the diastasis 
for its Bergman metric gs around the origin is 

B^{z) = log{V{n)K{z,z)), (3) 

where V{^) denotes the total volume of Q with respect to the Euclidean 
measure of the ambient complex Euclidean space. Moreover the matrix (bjk) 
given by (0) for Dq satisfy bjk = whenever \mj\ \mk\. 

Proof. Dq (z) is centered at the origin, in fact by the reproducing property 
of the kernel we have 
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hence K(0,0) = l/V{n), and substituting in Q we obtain D[/(0) = 0. By 
the circularity of O, that is z € il, € M imply e*^z G 0, rotations around 
the origin are automorphisms and hence isometrics, that leave Dq invariant. 
Thus we have Dq (z) = Dq (e*^z) for any Q < 6 < 27r, that is, each time we 
have a monomial (z)™"^ (z)"^* in Dq (z), we must have 

implying |mj| = |mfc|. This means that every monomial in the expansion 
of Dq (z) has holomorphic and antiholomorphic part with the same degree. 
Hence, by Theorem [3l Dq (z) is the diastasis for qb- By the chain rule the 
same property holds true for e^o (^) — i and the second part of the proposition 
follows immediately. □ 

Before proving Theorem [2] we recall the definition of the Wallach set 
of an irreducible bounded symmetric domain Q of genus 7, referring the 
reader to [2], [7] and [12] for more details and results. This set, denoted 
by W{Q), consists of all A G C such that there exists a Hilbert space Tix 

A 

whose reproducing kernel is Kt . This is equivalent to the requirement that 

A 

Kt is positive definite, i.e. for all n-uples of points xi, . . . ,Xn belonging to 

A 

Q the n X n matrix (K(xa,x^)T), is positive semidefinite. It turns out (see 
Corollary 4.4 p. 27 in |2j and references therein) that consists only 

of real numbers and depends on two of the domain's invariants, denoted by 
a (strictly positive real number) and r (the rank of il.). More precisely we 
have 

Wm = {0, ^, 2^, . . . , (r - 1)|} U ((r - 1)|, 00) . (4) 

ThesetWd = {O, f, 2f , ... , (r - l)f } and the interval = ((r- l)f, 00) 
are called respectively the discrete and continuous part of the Wallach set 
of the domain fi. 

Remark 8. When Q has rank r = 1, namely is the complex hyperbolic 
space CH'^, then gs = {d + l)ghyp, where ghyp is the hyperbolic metric on 
CH'^. In this case (and only in this case) Wd = {0} and Wc = (0, 00). There- 
fore our Theorem[2]is asserting that, for all positive constants c, (CH'^, cghyp) 
admits a full Kahler immersion into CP°°. This is well-known and can also 
be proved by using Calabi's criterion (see Theorem 13 in [4J). 

Proof of Theorem\^ Let / : (J7,cgB) — )• CP°° be a Kahler immersion, we 
want to show that 07 belongs to PF(i7), i.e. K.^ is positive definite. Since 
Q is contractible it is not hard to see that there exists a sequence fj,j = 
0,1... of holomorphic functions defined on $7, not vanishing simultaneously, 
such that the immersion / is given by f{z) = [. . . , /,(z), . . . ], j = 0, 1 . . . , 
where [. . . , fj{z), . . .] denotes the equivalence class in £^(C) (two sequences 
are equivalent iff they differ by the multiplication by a nonzero complex 
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number). Let xi,...,x„ G Q. Without loss of generality (up to unitary 
transformation of CP°°) we can assume that /(O) = ei, where ei is the 
first vector of the canonical basis of ^^(C), and f{xj) ^ Hq, V j = 1, . . . , n. 
Therefore, by Theorem H] and Proposition [71 we have 

cD\liz) = log[y(Q)^ K^(z, z)] = log I 1 + ^ ^llp j , zGn\f-\Ho 
Thus for every {vi, . . . , Vn) G C" one has 

n ^ oo 

^ u„K'=(a;a,X/3)t;;3 = ^ bigfc(a;i) -I ht;n5fe(a;n)P > 0,50 = 1 

a,/3=l ^ ^ k=0 

and hence the matrix (K'^(xa, Xjs)) is positive semidefinite. Conversely, as- 
sume that C7 G Ty(r2). Then, by the very definition of Wallach set, there 
exists a Hilbert space Hcj whose reproducing kernel is K'^ = Yl'jLolfjl'^^ 
where fj is an orthonormal basis of Ticy- Then the holomorphic map 
/ : — )• £^(C) C CP°° constructed by using this orthonormal basis sat- 
isfies f*{gFs) = cgB- In order to prove that this map is equivariant write 
Q = G/K where G is the simple Lie group acting holomorphically and iso- 
metrically on Q and K is its isotropy group. For each h € G the map 
f oh : (17, cgs) — CP°° is a full Kahler immersion and therefore by Calabi's 
rigidity (Theorem [5]) there exists a unitary transformation Uh of CP°° such 
that f o h = Uh o f and we are done. □ 

Remark 9. In [2J it is proven that if A belongs to W{^) \ {0} then G 
admits a representation in the Hilbert space T-L\. This is in accordance with 
our result. Indeed if 07 belongs to M/(0) \ {0} then the correspondence 
h ^ Uh,h £ G defined in the last part of the proof of Theorem [2] is a 
representation of G. 

We conclude this section with some remarks regarding Kahler immer- 
sions of bounded symmetric domains into other complex space forms differ- 
ent from CP°°. 

Remark 10. The multiplication of the Bergman metric by c in Theorem [2] 
is harmless when one studies the Kahler immersions of a Kahler manifold 
(M, g) into the infinite dimensional complex Euclidean space £^(C) equipped 
with the flat metric g^. Indeed if / : M — )• ^^(C) satisfies f*{go) = g then 
(\/c/)*(9o) = eg. It is worth pointing out that the only bounded symmetric 
domain which admits a Kahler immersion into ^^(C) has rank one, i.e. it is 
the product of complex hyperbolic spaces (see [6j for a proof). Actually the 
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authors believe the vahdity of the following conjecture: A complete Kdhler 
manifold with negative scalar curvature which admits a Kdhler immersion 
into i'^{C) is a bounded symmetric domain of rank one. 

Remark 11. For the case of Kahler immersions of bounded symmetric 
domains of noncompact type into the finite (resp. infinite) dimensional 
complex hyperbolic space CH^ (resp. CH°°), namely the unit ball in C" 
(resp. ^^(C)) equipped with the hyperbolic metric ghyp, we can prove the 
following theorem: if a n-dimensional bounded symmetric domain {^},cgB) 
admits a Kdhler immersion into CH^ (resp. CH.°°) then Q = CH", gs = 
9hyp and c = 1 (resp. c<l). The proof follows easily by Theorem 17 in [1] 
where it is shown that a Kahler manifold which admits a Kahler immersion 
into a complex hyperbolic space is locally irreducible (for the values of c see 
Theorem 13 in [4J). 

4 Cartan— Hartogs domains and the proof of The- 
orem [1] 

In order to prove Theorem [1] we briefly recall some recent results about 
Einstein metrics on Cartan-Hartogs domains. 

Let n be an irreducible bounded symmetric domain of complex dimen- 
sion d and genus 7. For all positive real numbers ^ consider the family of 
Cartan-Hartogs domains 

MM = {{z,w)e^xC, < W^{z,z)] , (5) 

where Nq(z,z) is the generic norm of il. namely, 

Nn{z,z) = {V{n)K{z,z))-^. 

The domain is called the base of the Cartan-Hartogs domain Mn(/i) (one 
also says that Mq{h) is based on Q). Consider on M^{fj.) the metric g(/Li) 
whose globally defined Kahler potential around the origin is given by 

Do{z,w) = -log{N^{z,z)-\wf). (6) 

The following theorem summarizes what we need about these domains (see 
[13j and [14] for a proof.) 

Theorem 12 (G. Roos, A. Wang, W. Yin, L. Zhang, W. Zhang). Let fiQ = 

■y/{d+ 1). Then (MQ(/io), g(/^o)) a complete Kdhler-Einstein manifold 
which is homogeneous if and only the rank of Q, equals 1, i.e. $7 = CH*^. 

Remark 13. Observe that when n = CB'^, we have /xq = 1, Mn(l) = CH'^+^ 
and g(l) = ghyp (cfr. Remark [8]). 
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In the following proposition, interesting on its own sake, we describe the 
Kahler immersions of a Cartan-Hartogs domain into CP°° in terms of its 
base. 

Proposition 14. The potential Dq{z,w) given by is the diastasis around 
the origin of the metric g(/i) . Moreover, cg(//) is protectively induced if and 
only if (c + m)^gB is projectively induced for every integer m > 0. 

Proof. The power expansion around the origin of Dq{z,w) can be written 
as 

oo 

Do(z, w)=Y, A.kizwr^ (zwr' (7) 

j,k=0 

where mj are ordered {d + l)-uples of integer and 



■j.d+i 



In order to prove that T)q{z,w) is the diastasis for g(/i) we need to verify 
that AjQ = Aoj = (see Theorem [3]). This is straightforward. Indeed if 
we take derivatives with respect either to z or z is the same as deriving the 
function — log(NQ(z, z)) = ^Dq (z) that is the diastasis of (il, ^gs), thus we 
obtain 0. If we take derivatives with respect either to tt; or tD we obtain zero 
no matter how many times we derive with respect to z or since T)q{z,w) 
is radial in w. 

In order to prove the second part of the proposition take the function 

and using the same notations as in ([7]) write the power expansion around 
the origin as 

oo 

gcDo{^,«;) - 1 = ^ Bjk{zw)'^^{zw)'^K 
j,k=0 

By Calabi's criterion (Theorem ([6])), cg(^) is projectively induced if and 
only if i? = (-Bjfc) is positive semidefinite of infinite rank. The generic entry 
of B is given by 

1 Q\mj\ + \mk\ / I 



nijl ■ mfc! d{zw)'^j dizw)'^": [^{N'^{z,z) - |u;|2^c 

where mjl = rnj^il ■ ■ ■ rnj ^+i^- and d{zw)"^^ = dz^^'^ ■ ■ ■ dz^^''^dw"^i-'^+^ . By 
Proposition ([7]) we have 

ruj^i H h ruj^d / ruk^i H h rukA =^ Bj^ = 0, (9) 



8 



and since dS]) is radial in w we also have 

rrij^d+i / mk4+i =^ Bjk = 0. (10) 
Thus, i? is a oo X oo matrix of the form 



B 



where the generic block Ei contains derivatives d{z'w)"^W{zw)^'' of order 



/ 
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V 











/ 



2i, i = 1,2, 



such that Im, 



Ei 



\mk\ 



We can further write 






F^ii){Q) 

E{z,w)(i){^) 



(11) 







where Fz(^i){^) (resp. -Flu(j)(0), -F(z,tu)(i)(0)) contains derivatives d{zw)'^^ 
d{zw)'^'' (of order 2i with \mj\ = |mfc| = i) such that rrij^d+i = = 

(resp. rrij^d+i = rnk,d+i = i, fnj,d+iiiT^k,d+i / (Notice also that we 

have in all the other entries because of Q and p^ ). Since the derivatives 
are evaluated at the origin, deriving ^ with respect to d{zw)"^W{zw)™''' 



with \mj 
function 



\mk\ 



i and mj^d+i 
1 



^k,d+i = is the same as deriving the 
1. (12) 



Thus, by Calabi's criterion, all the blocks -F2(j)(0) are positive semidefinite 
if and only if c^gB is projectively induced. Observe that the blocks -Fu;(i)(0) 
is semipositive definite without extras assumptions. Indeed if we consider 
derivatives d{zw)'^^ d{zw)"^^ of ([8]) with \mj\ = \mk\ = i and rrij^d+i = 
iT^k,d+i = i, since l>l'^{z,z) evaluated in is equal to 1, it is the same as 



\w 



l2\c 



j=0 



\w 



1 and the claim 



deriving the function 1/(1 
follows. Finally, consider the block -^"(2, (0). It can be written as 



2j 



F, 



{z,w){i 



)(0) 



/ -f^2(i-l),U)(l)(0) 





V 



H 








(0) 








^^z(l),u,(i-l)(0) / 



where the generic block -ff2(i_m),u)(m)(0)) I < m < i — 1, contains deriva- 
tives d{zw)"^W{zw)"^'' of order 2i such that \mj\ = \mk\ = i and nij^d+i = 
i^k.d+i = evaluated at zero (as before, by ([9]) and ([10]) all entries outside 
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these blocks are 0). Now it is not hard to verify that this blocks can be 
obtained by taking derivatives d{zw)"^W{zw)"^'^ of order 2(i — m) such that 
\mj\ = \mk\ = 2{i — m) and rrij^d+i = ^k,d+i = of the function 

(m + C- 1)! _ ^ ^ ^(e+rn)^D^(.) _ ^ 

(c-l)!m! N(^('+'")(z,z) 

and evaluating at z = z = 0. Thus, again by Calabi's criterion, (0) 
is positive semidefinite iff (c + m)^gB, m > 1 is projectively induced and 
this ends the proof of the proposition. □ 

We are now in the position to prove Theorem [TJ 

Proof of TheoremUl Take ^ = = ^/{d + 1) in ([5]) and ^ CH*^. By 
Theoremll2l fMo(/xn). cg(/xnl) is Kahler-Einstein, complete and nonhomoge- 
neous for all positive real number c. By Proposition [T3]cg(/io) is projectively 
induced if and only if ^^^gB is projectively induced, for all nonnegative in- 
teger m. By Theorem [2] this happens if ^^^^^ > ■^"2^7^- Hence cg{fj,o) with 
c > ('^^^^(^+^')°- ig ii^Q desired family of projectively induced Kahler-Einstein 
metrics. □ 

Notice that by choosing < c < "^^^"^^ (and r 7^ 1) one also gets the 
existence of a continuous family of complete, nonhomogeneous and Kahler- 
Einstein metrics which are not projectively induced. 
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